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Nambu–Goldstone modes in immiscible two-component Bose-Einstein condensates are studied
theoretically. In a uniform system, a flat domain wall is stabilized and then the translational
invariance normal to the wall is spontaneously broken in addition to the breaking of two U(1)
symmetries in the presence of two complex order parameters. We clarify properties of the low-
energy excitations and identify that there exist two Nambu–Goldstone modes: an in-phase phonon
with a linear dispersion and a ripplon with a fractional dispersion. The signature of the characteristic
dispersion can be verified in segregated condensates in a harmonic potential.
PACS numbers: 67.85.Fg, 03.75.Kk, 14.80.Va
Spontaneous symmetry breaking (SSB) is a universal
phenomenon that can occur in almost all energy scales
in nature. When continuum symmetries of a system are
spontaneously broken, there exist gapless modes called
Nambu–Goldstone (NG) modes [1], which determine the
low-energy properties of the system. In Lorenz-invariant
systems, the number of NG modes (nNG) coincides with
the number of broken symmetries (nSSB), and their dis-
persions are linear as ǫ ∝ p, where ǫ and p are the energy
and momentum of the NG modes, respectively. However,
this counting rule of nNG fails in systems without Lorentz
invariance or with spontaneously broken spacetime sym-
metry [2–5]. Recently, the NG theorem was generalized
to the nonrelativistic system and the counting rule has
been re-examined [6–9].
Superfluids or Bose–Einstein condensates (BECs) [10,
11] are important foundations upon which to study SSB
and NG modes. In a single-component superfluid or a
scalar BEC, the appearance of the order parameter is
associated with the SSB of the global U(1) symmetry.
The accompanying NGmode is known as a phonon with a
linear dispersion. Another important example is a spinor
BEC with spin-1 bosons [12], where the symmetry of spin
rotation is also broken in addition to the global U(1). In
the polar phase with nNG = nSSB = 3, the dispersions
of the three NG modes are all linear. However, in the
ferromagnetic phase, we have only two NG modes with
nSSB = 3 and nNG = 2, and then a NG mode has a linear
dispersion and the other has a quadratic one that comes
from a conjugate pairing between the generators of the
two broken symmetries [7].
The NG theorem is nontrivial when the spatial sym-
metry of the system is spontaneously broken. Such ex-
amples can be seen in a scalar BEC with vortices. When
there is a straight vortex along the z axis in a uniform
system, the translational symmetries in the x and y direc-
tions are explicitly broken, and thus nSSB = 3. However,
there are only two NG modes: the Kelvin mode with a
quadratic dispersion, which causes helical deformation of
a vortex line, and the varicose mode with a linear disper-
sion, which corresponds to a phonon propagating along
the vortex core [10, 13, 14]. Another example can be seen
in Tkachenko modes of two-dimensional vortex lattices in
rotating superfluids [9].
A nontrivial example can also be seen in two-
component BECs, i.e., condensates of two distinguish-
able bosons [15]. The system is characterized by two-
component order parameters Ψj (j = 1, 2), which al-
low the excitation of two independent phonons associated
with the two broken U(1) symmetries. Two-component
BECs are characterized by the inter-atomic coupling con-
stants gjk proportional to the s-wave scattering length
ajk between the jth and kth components. A homoge-
neous two-component system is miscible for g212 < g11g22
with gjj > 0 and then there are two NG modes with
ǫ ∝ p, while for the “fine-tuned” interaction parameter
g212 = g11g22 the dispersion of a mode becomes quadratic
with ǫ ∝ p2. For g12 > √g11g22, the strong inter-
component repulsion leads to a phase-separation forming
domain walls [16–19]. In the presence of a flat domain
wall, the translational symmetry normal to the wall is
spontaneously broken, and thus the transverse shift of the
wall costs zero energy. There are some studies on inter-
face modes in segregated two-component BECs [20–24].
Mazets showed that, under the Bogoliubov–de Gennes
(BdG) analysis with a suitable ansatz of the domain wall
profile, there are two branches of waves localized near a
domain wall with fractional dispersions, i.e., ǫ ∝ p3/2 and
ǫ ∝ p1/2 [20]. Later, the dispersion ǫ ∝ p3/2 was derived
from the hydrodynamic effective theory of ripple waves
on a domain wall in segregated BECs [22]. However, the
number of NG modes and their details in the low-energy
limit have not been confirmed yet.
In this paper, we provide a full account of the NG
modes in segregated two-component BECs. The semi-
classical analysis of the NG modes in a uniform system
reveals that the dispersion ǫ ∝ pγ with γ < 1 is forbid-
den for the localized modes in the low-energy limit, which
conflicts with the prediction of γ = 1/2 in Ref. [20]. Even
in the highly compressible BECs, the interface mode, re-
ferred to as a ripplon, has a dispersion ǫ ∝ p3/2, which
is similar to a standard capillary wave in classical in-
compressible hydrodynamics. We confirm that, despite
nSSB = 3, there exist two NG modes, a ripplon and a
2phonon, in the low-energy limit by carefully calculat-
ing the system size dependence of the dispersion relation
through the numerical analysis of the BdG equation. We
also discuss these low-energy modes in segregated con-
densates trapped by a harmonic potential.
We consider binary BECs described by complex order
parameters Ψj =
√
nje
iθj in the mean-field approxima-
tion at zero temperature. Let us start with the Gross-
Pitaevskii Lagrangian for the two-component BECs,
L =
∫
d3x
(P1 + P2 − g12|Ψ1|2|Ψ2|2) , (1)
where Pj = ih¯Ψ∗j∂tΨj + (h¯2/2mj)Ψ∗j∇2Ψj − (Vj −
µj)|Ψj |2 − gjj |Ψj |4/2 with mj , Vj , and µj being the
atomic mass, the external trap potential, and the chem-
ical potential of the jth component, respectively. The
intra- and inter-component interaction parameters have
the form gjk = 2πh¯
2ajk(m
−1
j +m
−1
k ). We assume ajk > 0
in the following.
We first consider a homogeneous system with Vj =
0. The condensates are miscible and immiscible when
g11g22 > g
2
12 and g11g22 < g
2
12, respectively [16, 17].
For both cases, there occurs the trivial SSB related to
the phases θ1 and θ2; the Lagrangian is invariant when
the phases are rotated independently. For the immiscible
case, the spatial symmetry is additionally broken in the
presence of a domain wall due to the phase separation.
This symmetry breaking may cause a ripplon, which is a
quantum representation of ripple waves propagating on
a domain wall, as a NG mode in this system. We confine
ourselves to the immiscible case throughout this work.
Assuming a flat domain wall normal to the z axis in a
stationary state Ψj = ψj(z), Eq. (1) yields
0 =
(
− h¯
2
2mj
d2
dz2
− µj +
∑
k
gjkψ
2
k
)
ψj . (2)
Here, we have assumed Imψj = 0 without loss of general-
ity. Figure 1(a) shows the spatial profile of the stationary
solution with a flat domain wall for the feasible param-
eters µ1 = µ2 = µ, g11 = g22 = g, m1 = m2 = m
and g12/g = 1.2, e.g., in Ref. [25]. The length is
scaled by the healing length ξ = h¯/
√
mµ. The two
components are separated by the domain wall along
the z = 0 plane. There is an overlapping region, in
which one component penetrates into the other com-
ponent. The width ξw of the overlapping region di-
verges as ξw ∝ (1− g12/√g11g22)−1/2 for g12 → √g11g22
[17]. Here, we consider a well-segregated case with
ξw ∼ ξ. The tension of a flat domain wall is calcu-
lated as the excess energy in the presence of a domain
wall. σ = −∑j(h¯2/4mj) ∫ dzψj∂2zψj , under the pres-
sure equilibrium P1 = P2 with the hydrostatic pressure
Pj = µ
2
j/2gjj = P of the jth component in the bulk,
|z| → ∞ [17].
The NG modes in the segregated BECs are fully solved
by the BdG formalism. By writing a perturbation of the
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FIG. 1: (Color online) (a) Profiles of order parameters ψj and
their spatial derivatives in a stationary state of segregated
condensates with a domain wall. (b) Typical profiles of the
NG modes (first: ripplon, second: in-phase phonon) and the
massive modes (third, fourth) with pξ/h¯ = 0.05. The solid
and dashed curves represent the density [Re(uj − vj)] and
phase [Re(uj + vj)] fluctuations, respectively, with Imuj ≈ 0
and Imvj ≈ 0.
order parameters as
δΨj = u
n
j (z)e
i(p·x−ǫnt)/h¯ − vnj (z)∗e−i(p·x−ǫnt)/h¯ (3)
with p = (px, py, 0)
T , one obtains the BdG equations,
ǫnun = hˆρˆ3un, (4)
where we used un = (u
n
1 , u
n
2 , v
n
1 , v
n
2 )
T , ρˆ3 =
diag(1, 1,−1,−1),
hˆ =
( H+ G G
G H + G
)
(5)
with [G]jk = gjkψjψk, and H = diag(H1,H2) with
Hj = p2/2mj − h¯2∂2z/2mj +
∑
k gkjψ
2
k − µj . The real
quantities ǫn and p correspond to the quantum of en-
ergy and momentum of the mode when the Bogoliubov
coefficients are normalized as Nnn = 1, where
Nnn′ ≡
∫
d3xu†nρˆ3un′ . (6)
The existence of the zero modes for p = |p| = 0 is easily
confirmed because Eq. (4) is satisfied for the zero-energy
perturbations
uj = −v∗j = i
∆Θj
2
ψj (7)
and
uj = −v∗j =
∆z
2
dψj
dz
(8)
3with small real constants ∆Θj and ∆z, which are con-
nected with the independent phase rotations [ψj →
ei∆Θjψj ] and the translational shift of the domain wall
[ψj(z)→ ψj(z +∆z)], respectively.
It is useful to discuss some restriction for NG modes
from their asymptotic behavior for |z| ≫ ξw. The asymp-
totic profiles of the Bogoliubov coefficients uj and vj are
obtained by a method similar to the semi-classical ap-
proximation in quantum mechanics [26] by introducing
an effective semi-classical action S in the form
u(z) = UeiS(z)/h¯ (9)
with U = [U1,U2,V1,V2]T . In the semi-classical limit
h¯ → 0, which is well applicable in the bulk region with
dψj/dz → 0, one obtains from Eq. (4)
dS
dz
= ±
√
ǫ2
c2j
− p2 (10)
with the sound velocity cj =
√
µj/mj (j = 1 for z → −∞
and j = 2 for z →∞) in the bulk [27].
Consider the NG modes ǫ ∝ cpγ for p → 0 with a
positive constant c and an exponent γ. In segregated
BECs, the NG modes are classified into the bulk NG
mode (BNG mode) and the localized NG mode (LNG
mode). The former has finite coefficients uj and/or vj
in the bulk. Since the amplitude |ψ1| (|ψ2|) vanishes for
z →∞ (z → −∞), a possible BNG mode is a phonon in
a single-component BEC:
ǫ = cjp (BNG mode). (11)
The localized NG mode satisfies the condition that uj
and vj vanish far from the domain wall z → ±∞. Then,
the exponent S of Eq. (9) should be imaginary and one
obtains in the low-momentum limit as
S =
{
i(−1)j√1− (c/cj)2pz (γ = 1)
i(−1)jpz (γ > 1) (LNG mode),(12)
where we neglected the integration constants and used
j = 1 (2) for z → −∞ (+∞) and c < cj for γ = 1.
Thus, γ = 1/2 found in Ref. [20] is excluded for LNG
modes. The localized mode with γ = 1/2, an analog of
surface gravity wave in hydrodynamics, can appear in the
presence of external potentials [28].
To find a possible value of γ in the above semi-classical
analysis, we analyze the low-energy effective theory de-
scribing the LNG mode (ripplon) by taking into account
the zero mode due to a transverse shift of the wall.
Here, we do not remove the condition of compressibil-
ity in the BECs, while the previous works analyzed this
problem based on the assumption of incompressibility
[21, 23]. Neglecting the internal structure of the domain
wall and representing the position of the domain wall as
z = η(x, y, t), we may approximate Eq. (1) to the effec-
tive Lagrangian
Leff =
∫
dxdy
(∫ η
−∞
dzP1 +
∫ +∞
η
dzP2 − σS
)
(13)
with S =√1 + (∂xη)2 + (∂yη)2 and the domain wall ten-
sion coefficient σ. The variation of Leff about small η
gives
P1(η)− P2(η) + σ(∂2x + ∂2y)η = 0. (14)
The density and phase perturbations due to
a small fluctuation Eq.(3) are written respec-
tively as δnj ≈ δn¯j cos(p · x/h¯ − ǫt/h¯ + αj)
and δθj ≈ δθ¯j sin(p · x/h¯ − ǫt/h¯ + βj) with
δn¯2 = 4
[
(Reuj − Revj)2 + (Imuj + Imvj)2
] |ψj |2,
δθ¯2j =
[
(Reuj +Revj)
2 + (Imuj − Imvj)2
]
/|ψj |2,
cosαj = 2Re(uj − vj)|ψj |/δn¯j, and sinβj =
Im(uj − vj)/|ψj |δθ¯j . For the LNG modes, one ob-
tains with Eq. (9) for |z| ≫ ξw ,
δnj = 2ψje
ajpz/h¯(Uj − Vj) cos(p · x/h¯− ǫt/h¯),(15)
δθj = ψ
−1
j e
ajpz/h¯(Uj + Vj) sin(p · x/h¯− ǫt/h¯),(16)
with ImUj = ImVj = 0, aj = −(−1)j for γ > 1, and
aj = −(−1)j
√
1− c2/c2j for γ = 1.
In the low-momentum limit p → 0, δnj vanishes be-
cause Uj/Vj =
[
cpγ + (1− a2j)p2/2mj + µj
]
/µj → 1.
This justifies the incompressibility-like assumption δnj =
0 in Refs. [21, 23] exactly in the low-energy limit even for
highly compressible gaseous BECs. Additionally, we im-
pose the kinematic boundary condition, h¯mj ∂zδθj = ∂tη,
which means that a superfluid velocity in the z direction
on the wall causes a shift of the wall. By combining this
condition with Eq. (14), we obtain the dispersion for a
ripple wave η ∝ cos(p · x/h¯− ǫt/h¯),
ǫ = ǫrip(p) ≡
√
σ/h¯
ρ1 + ρ2
p3/2 (17)
with ρj = mjµj/gjj .
To identify all NG modes in this system, we numer-
ically diagonalized Eq. (4) for low-energy modes with
pξ/h¯≪ 1, paying particular attention to the finiteness of
the system size. Numerical simulations of Eq. (4) were
done by imposing the boundary conditions, duj/dz =
dvj/dz = 0 at the edges z = ±L/2 of the system,
and ψj =
√
µj/gjj at z = (−1)jL/2 and ψj = 0 at
z = −(−1)jL/2. Figure 2 shows dispersions of the several
low-energy modes for the same parameters as in Fig. 1(a)
with a system size L = 204.8ξ.
The first lowest mode for p > pc is well fitted to
the analytic dispersion of Eq. (17). Here, we used
the approximated form of the tension coefficient σ =√
2Pξ
√
g12/g − 1 [19] for the fitting. However, the dis-
persion obeys ǫ = Ap2 for p smaller than a certain critical
value pc that depends on L. We found that the coeffi-
cient A is proportional to
√
L [see Fig. 2(b)], and thus the
critical momentum pc, at which the p
2 and p3/2 branches
are connected, depends on the system size L as pc ∝ 1/L.
Therefore, the dispersion ǫ = Ap2 comes from the finite-
size effect, and the first lowest mode in the infinite system
41
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FIG. 2: (Color online) (a) The dispersion of the nth lowest-
energy modes (1 ≤ n ≤ 8) in a finite-size system (L = 204.8ξ).
The 1st mode has a fractional dispersion of Eq. (17) above the
critical momentum pc, which satisfies Ap
2
c = ǫrip(pc). The
dispersion of the nth mode (n ≥ 3) approaches to that of
phonon (the 2nd mode) for p≫ pn but has an energy gap ∆n
for p→ 0. (b), (c) The system size dependence of A (b) and
∆3 (c).
with L =∞ coincides with the ripplon described by the
effective theory. Actually, the spatial profiles of the den-
sity and phase fluctuations on the p3/2 branch are well
explained with the analytic forms of Eqs. (15) and (16),
as shown in Fig. 1(b).
The second lowest mode is well fitted to ǫ =
√
µ/m p
in the whole momentum regime, being independent of L.
This mode is a phonon propagating along a topological
defect, which is an analog of a varicose mode propagating
along a vortex [13]. A finite-size effect clearly appears for
the nth lowest mode with n ≥ 3. This effect makes the
nth mode with n ≥ 3 “massive” with an energy gap ∆n at
p = 0 and the dispersion of the nth mode is asymptotic to
that of the second mode with increasing p. This behavior
is explained by the semi-classical theory with Eq. (10) as
ǫ = ǫn ≡
√
µ/m
√
p2 + p2n (n > 1), (18)
where pn/h¯ = (n− 2)π/L is the wave number of the nth
mode normal to the wall. The wave numbers pn/h¯ corre-
spond to those of standing waves emerging in the phase
and density fluctuations [see Fig. 1(b)]. The standing
wave is constructed with a superposition of the plane
waves described by Eq. (9) with S = ±pnz, which prop-
agate through the wall without disturbance. This trans-
mission property of the Bogoliubov modes is an analog
of so-called anomalous tunneling through a ferromagnetic
domain wall in the low-energy limit [29]. Equation (18)
explains very well the dispersion and the energy gap with
∆n =
√
µ/m pn in Fig. 2(a) and (c).
The two NG modes are realized in experiments of
atomic BECs. To achieve the low-energy dispersions, the
domain wall width ξw must be much smaller than both
the system sizes L|| along a domain wall and L⊥ normal
to the wall. For segregated condensates in a harmonic
potential Vj = (m/2)[ω||(x
2+y2)+ω2⊥z
2], L||,⊥ may cor-
respond to the Thomas-Fermi radii R||,⊥ =
√
2ξµ/h¯ω||,⊥.
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FIG. 3: (Color online) Double logarithmic plot of the disper-
sion of the lowest energy modes in a harmonically trapped
system. The dashed curve shows the imaginary part of the
dispersion of the first mode.
Figure 3 shows the dispersions of the three lowest modes
in a trapped system with R⊥/ξ = 153.6 and ω|| → 0
by assuming πh¯/p ≪ R||, where the parameters are the
same as those used in Fig. 1. Above the critical momen-
tum pc defined by pcξ/h¯ ≡ πξ/R⊥ = 0.02, we find the
characteristic dispersion similar to Fig. 2(a). However,
the first lowest mode has imaginary dispersion Imǫ > 0
for p <∼ pc; the system may be dynamically unstable lead-
ing to amplification of ripplons. This is because the total
energy decreases when the wall becomes parallel to the
z axis for R|| > R⊥. Therefore, a domain wall is sta-
bilized for R⊥ >∼ R|| and then the p and p3/2 branches
are realized [30]. The in-phase phonon (ripplon) can be
excited by homogeneous (localized) perturbation poten-
tials whose signs are in-phase (out-of-phase) between two
components. Their dispersion relations can be detected
directly from the time dependencies of the emergent den-
sity fluctuations on the periodicities of the perturbation
potentials along the domain wall.
Finally, it should be mentioned that nNG = 2 is
smaller than nSSB = 3 in this system. The second low-
est mode, namely the in-phase phonon, is identical to
the NG mode related to the breaking of a subset of the
original U(1)×U(1) symmetry: the zero-energy pertur-
bation with ∆Θj = ∆Θ in Eq. (7). Correspondingly,
the first lowest mode, the ripplon, may be understood
as a result of a pairing between the out-of-phase rota-
tion with ∆Θj = (−1)j∆Θ in Eq. (7) and the domain
wall shift of Eq. (8); the density and phase perturba-
tions caused by the ripplon in the p → 0 limit mimic
those by the wall shift and the out-of-phase rotation [see
Fig. 1(a) and (b) 1st]. According to Ref. [9], the pair-
ing of zero modes links directly to the linear indepen-
dence between the modes; we found that the two zero-
energy perturbations, namely, the out-of-phase rotation
and the wall shift, are not orthogonalized to each other
as Nnn′ 6= 0, while Nnn′ = 0 for other combinations
5among the three zero-energy perturbations. We may ex-
pect a similar situation on the ferromagnetic domain wall
in spinor BECs. To study such anomalous behaviors of
zero modes for a variety of topological solitons realized
in multi-component superfluid systems is an interesting
direction in which to develop a universal theory of NG
modes.
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